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Boolean Algebra
Boolean algebra consists of the value set B = {0,1} and three operators,

A, V, .

OPERATORS:

1 ifa=b=1
aNb= ]
0 otherwise

0 ifa=b=0
aVvb= ]
1  otherwise

0 ifa=1
13 =
1 ifa=0
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Boolean Algebra

Boolean algebra consists of the value set B = {0,1} and three operators,
N, V, .

OPERATORS: TRUTH TABLES:

AN b 1 ifa=b=1 alb|anb|aVvb
10 otherwise 0]0 0 0
110 0 1
011 0 1
0 ifa=b=0 1)1 1 1
aVvb= ]
1  otherwise
B
,_Jo ifa=1 %71
1 ifa=o0 (1] 0]
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Boolean Functions

Boolean functions on n € N variables vy, ..., v,, are defined recursively as

follows:

pu=ceB|ve{wn,..
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Boolean Functions

Boolean functions on n € N variables vy, ..., v,, are defined recursively as

follows:

pu=ceB|ve{wn,..

FUNCTIONS ON 1 VARIABLE:

freg(2) = ~(a) = 2
fi(a) = a
fconst(a) =0

Boolean Networks in Systems Life Sciences

SVt | 2(9) [ (01 A2) | (01 V @2)

3/9



Boolean Functions

Boolean functions on n € N variables vy, ..., v,, are defined recursively as
follows:

pr=ceB|ve{v,...,va} [ 2(9) | (g1 A@2) | (01V¥2)

FUNCTIONS ON 1 VARIABLE:

fneg(a) = —(a) = —a
fi(a) = a
fconst(a) =0

FUNCTIONS ON 2 VARIABLES:

fand(a,b) = an b

for(a, b) =aVb

fimp(a,b) =—aVb=a=b

fequiv(a, b)y=(aAb)V(-aA-b)=a&b
for(a,b) = (aA=b)V(maAb)=a® b
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Boolean Algebra Laws

PRECE%ENCE:
—aAb=-(a)Ab
—~aVvb2 -(a) Vb

ASSOCIATIVITY:
an(bAc)=(anb)Ac
av(bve)=(avb)Vec

COMMUTATIVITY:
aANb=bAa
avb=bVva

DISTRIBUTIVITY:
an(bvec)=(anb)V(anc)
av(bAnc)=(aVvb)A(aVc)

IDEMPOTENCE:
aNa=a
avVa=a
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ABSORPTION:
an(avb)=a
av(anb)=a

IDENTITIES:
aNl=a
av0=a

ANNIHILATORS:
an0=0
avl=1

COMPLEMENTATION:
aN—-a=0
avV-a=1

DOUBLE NEGATION:
ﬁ(ﬁa) = a

DE MORGAN’S LAWS:
—(aAb)=-aVv-b

—(aVvb)=-aA-b
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Example: XOR is the complement of equivalence

-(a&b) = /primary operators

=((aA b)V (—aA b)) /De Morgan

=(aAb)A—=(-aA-b)= /De Morgan x2

(ma Vv =b) A (—(—a) vV —(—b)) /Double negation x2

—aV-ob)A(aVb)= /Distributivity
((mav=b)yAa)V ((maV-b)ADb)=
) )

/Commutativity x2

(an(—aVv b))V (bA(-aV b)) = /Distributivity x Z,
(an—-a)Vv(an-b)V(bA—-a)V(bA-b)= /Complementation x2
OV(aA-b)V(bA—-a)V0= /Commutativity
(an-b)V(bA—-a)VOVO= /ldentity x2
(an—-b)V (bA—a)= /Commutativity

(an—=b)V (—aAb)
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Normal Forms

CONJUNCTIVE NORMAL FORM (CNS) — Conjunction of disjunctive

clauses.

C:=(D)|(D)nC
D:=L|LvD

Li=v|-v ve{v,..., vy}

DISJUNCTIVE NORMAL FORM (DNS) — Disjunction of conjunctive
clauses.

D:=(C)|(C)vD
n=L|LAC

=v|-v ve{v,..., v}

~ 0O
i
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Constructing CNF — Semantic Approach

For each line in the truth table which evaluates to 0, add a disjunctive
clause containing negations of the line to the CNF.

Example for: (aV b) = (b A —c¢)
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Constructing CNF — Semantic Approach

For each line in the truth table which evaluates to 0, add a disjunctive
clause containing negations of the line to the CNF.

Example for: (aV b) = (b A —c¢)

avb | bA-c | (aVb)=(bA-c

~—

-

(
b
0
0
1
1
0
0
1
1

ol olrlorRoly
R~ Rololololn
o|lo|lo|o|—|r|r|+|a
e N = =)
o|lo|lo|o|~|rlolo
ololo|rrl~lol-
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Constructing CNF — Semantic Approach

For each line in the truth table which evaluates to 0, add a disjunctive
clause containing negations of the line to the CNF.

Example for: (aV b) = (b A —c¢)

avb | bA-c | (aVb)=(bA-c

~—

-

(
b
0
0
1
1
0
0
1
1

ol olrlorRoly
R~ Rololololn
o|lo|lo|o|—|r|r|+|a
e N = =)
o|lo|lo|o|~|rlolo
ololo|rrl~lol-

(mravbVve)A(-aVbV-c)A(aV-bV-c)A(—-aV-b-c)=

~(ruv)a (1bv '79
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Constructing DNF — Semantic Approach

For each line in the truth table which evaluates to 1, add a conjunctive
clause containing the line to the DNF.

Example for: (aV b) = (b A —c¢)
alb|c|-c|avb|bAr-c| (aVvbh)=(bA-c)
000 1 0 0 1
1700 1 1 0 0
0|10 1 1 1 1
1710 1 1 1 1
0|01 0 0 0 1
1101 0 1 0 0
0|11 0 1 0 0
1111 0 1 0 0
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Constructing DNF — Semantic Approach

For each line in the truth table which evaluates to 1, add a conjunctive
clause containing the line to the DNF.

Example for: (aV b) = (b A —c¢)
alb|c|-c|avb|bAr-c| (aVvbh)=(bA-c)
000 1 0 0 1
1700 1 1 0 0
0|10 1 1 1 1
1710 1 1 1 1
0|01 0 0 0 1
1101 0 1 0 0
0|11 0 1 0 0
1111 0 1 0 0

(maA=bA=C)V(maAbA—Cc)V(aAbA—C)V (maA—bAC)=

Z(aab) v(baw
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Constructing DNF — Syntactic Approach

Formula using only primary operators can be converted to a DNF using
the following term rewriting system:

—(—a) ~ (Double negation)
—(aAb)~ —-aV-b (De Morgan)
ﬁ(a V b) ~» ma A b (De Morgan)

AN(bVec)~ (anb)V(anc) (Distributivity)
V(bAc)~ (aVb)A(aVc) (Distributivity)
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Constructing DNF — Syntactic Approach

Formula using only primary operators can be converted to a DNF using
the following term rewriting system:

—(—a) ~ (Double negation)
—(aAb)~ —-aV-b (De Morgan)
ﬁ(a V b) ~» ma A b (De Morgan)

A(bVec)~(anb)V(anc) (Distributivity)
V(bAc)~ (aVb)A(aVc) (Distributivity)

CNF of a formula ¢ can be constructed syntactically by first constructing
a DNF of —¢ and subsequently applying De Morgan laws to the negation
of this DNF.

Boolean Networks in Systems Life Sciences 9/9



